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A note on the Fundamental Group of a
Triangular Algebra , by F. Xu.

A remark to

Juan Carlos Bustamante and Diane Castonguay
Abstra t.

We provide a ounter-example to Proposition 3.2 of [4℄.

In [1℄, the quiver Γ of homotopy relations of admissible presentations of an
algebra (as quotients of some path algebra) was introdu ed. In [3℄, P. Le Meur
showed that if A ≃ kQ/I and
• I is a monomial ideal and
• the quiver Q has no multiple arrows
then the quiver Γ has a unique sour e, without any additional hypothesis about the
hara teristi of the eld k.
Furthermore, in [2℄, P. Le Meur showed that if
• k is a eld of hara teristi zero, and
• the quiver Q has no double bypasses,
then the quiver Γ has a unique sour e.
These results ensure that under some hypotheses, there is a privileged homotopy relation, and onsequently, a provileged fundamental group among all the
fundamental groups that an arise as fundamental groups of some presentation of
a given algebra.
In [2℄, Example 3, page 345, shows that the se ond quoted result is not true
if one drops the two hypotheses simultaneously. In that example, whi h onsists
of a quiver having a double bypass, and onsidering a eld of hara teristi 2 one
obtains a quiver Γ with two sour es. Moreover, there is a suggested generalization
of this example to any non-zero value of char k.
It is then natural to ask if one an drop one of the two hypotheses to generalize
Le Meur's result. The question has been ta kled in [4℄. In that paper, the framework
is that of triangular algebras over elds of hara teristi zero. One an nd the
following Proposition:
Proposition 3.2 [4℄ Assume the underlying quiver ontains no oriented y les
(and k is a eld of hara teristi zero). Then Γ has a unique sour e.
The following ounter-example shows that this result is not true.
Re all from [2℄ that given a bypass (α, u) in a quiver Q, then φα,u,τ denotes
the automorphism of kQ whi h sends α to α + τ u, τ ∈ k\{0}, and leaves the other
arrows xed.
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Counter-example:

Let k be a eld of hara teristi not equal 2, and A =
β1

α1
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is monomial, the
` fundamental group π1 (Q, I) is isomorphi to the free group in two
generators, Z Z. A straightforward omputation shows that kQ/I ≃ kQ/I1 ≃
kQ/I2 ≃ kQ/I3 ≃ kQ/I4 , where:
• I1 =< (α1 − α2 )β1 , α2 β2 >= φα1 ,α2 ,−1 (I), and leads to a fundamental
group isomorphi to Z;
• I2 =< α1 (β1 − β2 ), α2 β2 >= φβ1 ,β2 ,−1 (I), and leads to a fundamental
group isomorphi to Z;
• I3 =< α1 β1 − α2 β1 − α1 β2 , α2 β2 >= φα1 ,α2 ,−1 (I2 ) = φβ1 ,β2 ,−1 (I1 ), and
leads to a trivial fundamental group;
• I4 =< α1 β1 + α2 β2 , α2 β1 + α1 β2 >. The ideal I4 leads to a fundamental
group isomorphi to Z2 and is obtained from the automorphism φ of kQ
dened by φ(α1 ) = 12 (α1 − α2 ), φ(α2 ) = 12 (α1 + α2 ), φ(β1 ) = 12 (β1 −
β2 ), φ(β2 ) = (β1 + β2 ).
Moreover, the asso iated quiver Γ is then
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Of ourse, there is a surje tive group homomorphism f : π1 (Q, I) → π1 (Q, I4 ).
However, there is no path form ∼I to ∼I4 in Γ.
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